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Motivation

Waiting (due to congestion) is common in resource allocation:

• Internet traffic;

• vehicular traffic;

• security lines at airports;

• wait lists (public housing, healthcare, DMV...)

• ...

Equity-efficiency trade-off associated with pricing priority:

• Gains from allocating priority to the most time-pressed agents...

• ... but drawback of making things worse for poorer agents.
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This Paper

We propose a simple model of assigning wait times to agents
differing in the rate of substitution between time and money.

We study the properties of priority systems that Pareto improve on
an unpriced status quo.

Main Results:

#1. If there is a trade-off between the dispersion and the mean of
wait times, no Pareto improvement with 2 priority tiers exists.

⇝ 1 fast lane + 1 slow lane are not enough; some agents will be worse off

#2. When the trade-off between dispersion and mean is not too
severe, Pareto improvement with 3 priority tiers exists.
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Model

• Unit mass of agents indexed by a privately observed marginal
rate of substitution r between wait time and money.

• An agent with type r who obtains some service/good after
waiting t and paying p has utility

V − r · t − p,

where V is some known (high enough) constant.

• Types r are drawn from a continuous distribution with cdf G and
strictly positive pdf g on [r , r̄ ].

• Think of t as measuring the cost of waiting; we can
accommodate the case when t = c(τ), where c is an increasing
function and τ is physical wait time.
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Model

• Designer chooses a distribution of average wait times F from a
feasible set of wait time distributions F .

• Any choice of F pins down the outcomes of a budget-balanced,
incentive-compatible mechanism with transfers:

• Allocation rule is given by t(r) = F−1(1−G(r)).

• Payments are pinned down by the envelope formula:

U(r) ≡ V − rt(r)− p(r) = Ū −
∫ r

r
t(s)ds.

• Constant Ū pinned down by budget balance.
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Running example

Example (lanes on a highway):

• There are N lanes on a highway.

• If mass mk of agents drive in lane k , wait time in lane k is w(mk ),
where w(·) is increasing and convex.

• Let Fm be the distribution of wait times induced by m (ordered so
that mi ≤ mi+1), i.e., F assigns mass m1 of w(m1), mass m2 to
w(m2), etc.

• Then, the set of feasible distributions is

F =
{

F ∈ ∆(R+) : F ∈ MPC(Fm) for some m ∈ ∆N−1
}
.
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Running example

Unpriced benchmark (laissez-faire allocation):

• Suppose that we set:

m = (1/N, ..., 1/N).

• The corresponding Fm is a Dirac delta at w(1/N).

• The unique mechanism corresponding to Fm charges everyone a
price of zero and assigns wait time w(1/N) to everyone.
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Running example

Example of non-trivial mechanism:

• Suppose that N = 3, r ∼ U[0, 1], and we set

m = (1/5, 2/5, 2/5).

• The corresponding F has a mass 1/5 of wait time w(1/5) and a
mass 4/5 of wait time w(2/5).

• Types between r ∈ [4/5, 1] get wait time w(1/5) and pay pF , and
remaining types r ∈ [0, 4/5] get wait time w(2/5) and pay pS.

• Relative price pinned down by: −4
5w

(2
5

)
− pS = −4

5w
(1

5

)
− pF .

• Budget balance: 1
5pF + 4

5pS = 0.
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Assumptions on F

Axiom (Randomization)
The set F is closed under taking mean-preserving contractions.

⇝We can always assign wait times randomly.

⇝ True in the running example by design (as long as we can
“randomize” access to the lanes).
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Assumptions on F

Axiom (Friction)
There exists t0 such that δt0 ∈ F (the unpriced benchmark)
uniquely minimizes the average wait time EF [t ] across all
feasible F ∈ F .

⇝ Giving everyone the same wait time minimizes average wait time.

⇝ Randomization axiom + F compact

=⇒ some δt0 minimizes the average wait time.

⇝ Substantial restriction: δt0 uniquely minimizes average wait time.

⇝ Any mean-preserving spread of δt0 must take us outside of F .

⇝ There is a trade-off between dispersion and average wait time.

⇝ True in the running example if w(·) is strictly convex (around 1/N).
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Assumptions on F

Axiom (Smoothness)
For every ϵ > 0 small, there exist F ∈ F and q ∈ (0, 1) such that

F−1(q +
√
ϵ) < t0 and

EF [t ]− t0
q(t0 − EF [t |F (t) ≤ q])

< ϵ.

⇝ Trade-off between dispersion and average wait time is not too
severe.

⇝ Holds in the running example if w(·) is continuously differentiable
in the neighborhood of 1/N.
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Assumptions on F

Proof that Smoothness axiom holds in the running example:

Stronger property: There exists q > 0 such that, for every ϵ > 0
small, there exist F ∈ F such that

F−1(q) < t0 and
EF [t ]− t0

t0 − EF [t |F (t) ≤ q]
< ϵ.

Let (1/N)− δ agents use lane 1, and (1/N) + δ agents use lane N.
Use q = 1/(2N).

EFδ [t ]− t0
t0 − EFδ [t |Fδ(t) ≤ q]
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Assumptions on F

We will sometimes refer to the opposite case:

Axiom (No friction)
If F ∈ F and F ′ is a mean-preserving spread of F , then F ′ ∈ F .

⇝ Note that “No friction” implies (stronger version of) “Smoothness”:

There exists q > 0 such that, for every ϵ > 0 small, there exist F ∈ F
such that

F−1(q) < t0 and
EF [t ]− t0

t0 − EF [t |F (t) ≤ q]
< ϵ

because we can find F such that EF [t ] = t0.
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Results

• We can Pareto improve upon a mechanism delivering utilities
U(r) if there exists a feasible mechanism delivering utilities Ũ(r)
such that Ũ(r) ≥ U(r), for all r , strictly for some r .

• We can strictly Pareto improve upon a mechanism delivering
utilities U(r) if there exists a feasible mechanism delivering
utilities Ũ(r) such that Ũ(r) > U(r), for all r .

• Despite quasi-linearity, Pareto optimality is not equivalent to
maximizing the sum of utilities.

• Inequality-aware Market Design =⇒ mechanisms on the
constrained Pareto frontier may involve random allocation.
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e.g., fast lane+slow lane, single fast-track option (e.g., Clear).
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some agents worse off.

• “Friction” results in a trade-off between average wait time and
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• Intuitively, 2 priority tiers are insufficient to resolve this trade-off
while improving for all agents.
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Additional applications

Waiting in line for a service:

• Consider a stationary queuing model where ρ agents can be
processed per unit of time.

• Physical wait times can be “spread out” without changing the
average.

• Formally, utilities are given by −rc(t)− p, and

F =
{

F : F (·) = F0(c−1(·)) for some F0 ≻MPS δ1/ρ

}
.

• “Friction” and “Smoothness” axioms hold if c(t) is increasing,
strictly convex, and differentiable.
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• Designer has total capacity S, which can be divided into qualities
q: Distributions of quality F0 satisfy

∫
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• Consider an extension: “Lane” k has a disutility of congestion
wk (mk ) when mk agents use it.

• Dependence on k can capture lane × (time of day) pairs.

• Another interpretation: “Lanes” 2 through N are lanes on a
highway while lane 1 represents public transit (perhaps
w1(m1) = w̄1).
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Extension of the running example:

• Note that laissez-faire equalizes wait times (for lanes that are in
use):
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• This no longer minimizes average wait time in general:
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Extension of the running example:

• If the “Friction” axiom fails, it means that there must exist a
distribution F that has some dispersion and generates lower
average wait time than the laissez-faire.

• But this means that “Smoothness” axiom holds trivially, since
EF [t ] ≤ t0.

• It is possible to strictly Pareto improve.

• It may be possible to Pareto improve with two priority tiers.
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Extension of the running example:

• We can ask a more ambitious question: Is it possible to strictly
Pareto improve upon the Dirac delta distribution that minimizes
average wait time? (it exists by the “Randomization” axiom and
can be implemented by quotas.)

• Yes, if wk ’s are differentiable (“Smoothness” holds).

• May be possible to weakly Pareto improve with two priority
tiers.
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Extensions

In the baseline model, can we Pareto improve on a two-tier priority
system?

• Unfortunately, the answer in general is “no”.

• How do we know? Take the running example with N = 2.
For any choice of m, there are welfare functions for which
assortative matching is optimal (Akbarpour r⃝ Dworczak r⃝

Kominers, 2024).

• This means that some two-tier priority systems are optimal for
some welfare weights, hence on the Pareto frontier!

• Intuition: A two-tier priority system is potentially very good for
agents with low or high willingness to pay.
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• In a simple model of priority pricing, a Pareto improvement
over an unpriced benchmark is possible with 3 priority tiers,
but not with 2.

• A concrete policy implication: Create at least three options,
with the middle option being free and replicating the wait time in
the unpriced benchmark.

• Next steps?

• Conditions for Pareto improvement over an arbitrary
mechanism.

• Robustness to extensive margin and richer preferences.

• Empirical tests.
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